In off-central heavy-ion collisions, the quark-gluon plasma (QGP) is exposed to the strongest magnetic fields ever created in the universe. Due to the paramagnetic nature of the QGP at high temperatures, the spatially inhomogeneous magnetic field configuration exerts an anisotropic force density that competes with the pressure gradients resulting from purely geometric effects. In this paper, we simulate (3+1)-dimensional ideal hydrodynamics with external magnetic fields to estimate the effect of this force density on the anisotropic expansion of the QGP in collisions at RHIC and at the LHC. While negligible for quickly decaying magnetic fields, we find that long-lived fields generate a substantial force density that suppresses the momentum anisotropy of the plasma by up to 20% at the LHC energy, and also leaves its imprint on the elliptic flow v2 of charged pions.
I. INTRODUCTION
One of the most striking phenomena in high-energy heavy-ion collisions is the strong collective flow of the hot quark-gluon plasma (QGP), caused by the relativistic hydrodynamic expansion driven by local pressure gradients. For off-central collisions, the anisotropy of the initial geometry enhances this collective flow in the reaction plane and leads to a non-vanishing elliptic flow v 2 of charged hadrons observed in the experiment. An additional relevant feature of such collisions is the generation of extremely strong magnetic fields [1] [2] [3] [4] [5] created by the colliding charged beams moving at relativistic speed. The impact of these fields in heavy-ion collisions was first explored in relation with the chiral magnetic effect [6, 7] . Later studies also discussed the role of magnetic fields on jet energy loss [8] , on the thermal photon and di-lepton production rate [9, 10] and on the collective expansion of the fireball [11, 12] .
In this paper we concentrate on the response of the QGP to the magnetic field in terms of the induced magnetization,
where f is the free energy density of the thermodynamic system. Lattice QCD calculations have demonstrated that in the range of magnetic fields and temperatures relevant for heavy-ion collisions M B, that is to say, the QGP behaves as a paramagnet 1 [15] [16] [17] [18] [19] [20] . It is well known that, if exposed to inhomogeneous magnetic fields, paramagnetic materials move along the gradient of |B| -as opposed to diamagnets that move in the opposite 1 Previously, the paramagnetic response was also predicted in perturbation theory [13] and in the hadron resonance gas model [14] .
direction [21] . Based on model descriptions of heavyion collisions (see below), off-central events are expected to exhibit inhomogeneous fields with a strong spatial anisotropy. As Ref. [12] pointed out, such a magnetic field configuration exerts an anisotropic force density on the QGP that compresses matter in the transverse plane. This force density -dubbed paramagnetic squeezingarises as the system minimizes its free energy and reads
It was recognized that the squeezing force density might affect the collective expansion and, eventually, have an impact on the elliptic flow v 2 of the final charged hadrons. A first estimate of this effect was made by comparing the magnitudes of the squeezing force density with those of the pressure gradients at initial time for RHIC and LHC energies [12] , revealing that the effect might be marginal for RHIC but substantial for LHC collisions.
In this paper we improve on this simplistic estimate in various aspects. We simulate (3+1)-dimensional ideal hydrodynamics to determine the time-evolution of the energy density and the fluid velocity in the presence of an external magnetic field profile. This profile is assumed to be given in terms of a few parameters that control the magnitude, the spatial distribution and the timeevolution of the magnetic field. Systematically varying these parameters enables us to study the influence of paramagnetic squeezing in different limits. The effect of the squeezing force density is taken into account throughout the hydrodynamic expansion to determine the impact on momentum anisotropy and to calculate the time integrated effect on v 2 of charged particles on the freeze out hypersurface.
Note that in this setup we treat the magnetic field as an external degree of freedom, i.e., we neglect the backreaction of the fluid on B. A fully consistent description of the entangled evolution of the hydrodynamic expansion and of the electromagnetic field would require (3+1)-dimensional relativistic magnetohydrodynamics, which, however, is still under development [22, 23] . We further mention that magnetic field-induced effects on the fluid expansion have also been discussed in terms of a comparison of the magnetic and fluid energy densities [11, 24] and of the one-dimensional longitudinal boost-invariant Bjorken flow [25, 26] .
The rest of this paper is organized as follows. In Sec. II we introduce the (3+1)-dimensional ideal hydrodynamic model and the parameters used for the magnetic field and the hydrodynamic expansions. The relative magnitude of the squeezing force density and the initial pressure gradients, together with the effect of the squeezing on the fluid expansion and on the elliptic flow of final charged hadrons are shown in Sec. III both for Pb+Pb √ s N N = 2.76 TeV collisions and for Au+Au √ s N N = 200 GeV collisions. This is followed by Sec. IV, which summarizes the results and presents a short outlook.
II. SETUP AND METHODS
We use (3+1)-dimensional ideal hydrodynamic simulations [27, 28] , as implemented in the CLVisc code parallelized on GPUs using OpenCL [28] . For simplicity, no viscous corrections are taken into account in the current study.
Hydrodynamic equations
The hydrodynamic equations in the presence of the squeezing force (2) read [29] 
where T µν = (ε + P )u µ u ν − P g µν is the energy momentum tensor for ideal hydrodynamics, u µ = γ(1, v) denotes the fluid velocity four vector, ε the energy density and P the pressure 2 . The latter is given as a function of ε by the equation of state (EoS). The lattice QCD equation of state from the Wuppertal-Budapest group (2014) [30] is used in the current study. The space-time coordinate axes are x (impact parameter direction), y (direction perpendicular to the reaction plane), η s (space-time rapidity) and τ (proper time).
According to lattice QCD calculations [12, 20] , the leading expansion for the magnetization -M = χB in terms of the magnetic susceptibility χ -is a reasonable 2 Notice that the energy-momentum tensor of the magnetic field -i.e., terms like B 2 /2 in the energy density -are not taken into account here. This is due to the fact that the field is considered external so that, for example, its energy density is independent of the fluid dynamics. The only effect appears due to the interaction of B with the fluid through the magnetization.
approximation for the range of magnetic fields and temperatures we are interested in. Using the susceptibility, the squeezing force density F ν on the right hand side of Eq. (3) reads
(4) Here we assumed that the dynamics relevant for the anisotropic flow is governed by forces in the transverse plane and, accordingly, set the longitudinal force to zero. This choice may also be thought of as a setup where the magnetic field is constant in the longitudinal direction within the QGP. In addition, we have checked that enforcing zero energy input u µ F µ = 0 from the force (as expected in a purely magnetic background) by setting the zero component F τ to v x F x + v y F y changes the momentum anisotropy by only ∼ 1% and can thus be neglected.
The most up-to-date lattice QCD results for the magnetic susceptibility can be found in Ref. [20] . A simple parameterization that agrees with the data within two standard deviations above T = 110 MeV and matches perturbation theory at high temperatures (cf. Ref. [20] ) is
where e denotes the elementary charge. Below it will be convenient to give the magnetic field in terms of e, since the combination eB has units GeV 2 . Notice that we use isothermal freezeout conditions, where the hypersurface is determined by a constant temperature T = 137 MeV.
Magnetic field profile
In order to calculate F ν , knowledge of the spatial profile of the magnetic field is necessary at each point in time. As it turns out, the largest uncertainty in this description is the time-dependence B(τ ). While the magnetic field due to the spectators would drop very quickly in the vacuum [6] (in fact, by a few orders of magnitude within 1 fm/c), it has been speculated that the field could survive much longer in the QGP if the electrical conductivity of the plasma is high [10, 31, 32] . In the preequilibrium stage, the decay of the magnetic field might also be delayed by charged quark-antiquark pairs due to gluon splitting and the Schwinger mechanism [33] , see also Ref. [10] . In this paper, the terms 'medium' and 'vacuum' are used to denote a collision system with or without electrical conductivity.
Although the evolution of the magnetic field is likely to be affected considerably by the medium, the dependence of B on the collision parameters can be estimated by using the Lienard-Wiechert potential of the colliding nucleons in the vacuum. While the magnetic field was found [1] to depend rather weakly on the electric charge number Z of the nuclei (B ∝ Z 1/3 ), it was observed to be strongly influenced by the impact parameter b and the collision beam energy √ s N N [3, 4, 6] . The spatial distribution of the magnetic field in the reaction plane was studied both in a setting with uniform nucleon density in the nucleus [34] as well as a more realistic WoodsSaxon nucleon density distribution [4, 35] , showing a pronounced anisotropy in the magnetic field profile -namely a steep fall-off along the impact parameter direction and a slower variation perpendicular to the reaction plane. Based on these considerations, the transverse distribution of a longitudinal boost invariant -i.e., η sindependendent -magnetic field is parameterized as,
where eB 0 is the amplitude of the magnetic field, which is taken to be 0.09 GeV 2 (≈ 5 m 2 π ) for RHIC energy and 1.33 GeV 2 (≈ 70 m 2 π ) for LHC energy [4] while σ x and σ y are the Gaussian widths along the x and y directions, respectively. Since the time evolution of the magnetic field in the pre-equilibrium stage is still unknown, we use an exponential decay for this, with a lifetime t d varying between 0.1 fm and 1.9 fm. The various different settings used in the paper are summarized in Table. I. Table I : The configurations for the space-time profile of the magnetic field, inspired by previous studies of magnetic fields in the vacuum [6, 35] and in the QGP [10, 31, 34, [36] [37] [38] [39] [40] (settings A-G) together with the reference configuration at eB = 0.
Four different parameters for the lifetime 0.1 fm ≤ t d ≤ 1.9 fm are used for Pb+Pb collision to get the spatial distribution of the squeezing force density during the hydrodynamic evolution (which starts at the thermalization time τ 0 ). As shown in Fig. 1 , the maximum force density at time τ 0 = 0.2 fm is in the range (2 . . . 4) GeV/fm 4 for long-lived fields, whereas it is merely 0.08 GeV/fm 4 for t d = 0.1 fm.
Initial state and thermalization time
The initial energy density distribution is given by the optical Glauber model, where a large fraction of the initial energy deposition is assumed to come from the soft part that is proportional to 0.95N wn (N wn is the number of wounded nucleons), and a smaller fraction is proportional to 0.05N bc (N bc is the number of binary collisions). In calculating N wn and N bc , the inelastic scattering cross sections σ 0 are set to 64 mb for Pb+Pb 2. Table. III, for most central collisions at RHIC and LHC energy.
In the optical Glauber model, the nucleon densities of the Pb and Au nucleus are described by the Woods-Saxon distribution,
where R is the radius of the nucleus, ρ 0 is the average nucleon density and d is the diffusiveness. The parameters used in the optical Glauber model are listed in The effect of the squeezing force (with small t d ) is sensitive to the strength of the magnetic field at initial thermalization time τ 0 . According to the analytical solution of 1D Bjorken hydrodynamics Table. III, three groups of initial thermalization time τ 0 and maximum energy density ε 0 are listed that give the same charged multiplicity for most central collisions with mean impact parameter b = 2.4 fm for RHIC and b = 2.65 fm for LHC energy as shown in Fig. 2 . Notice that the initial settings (τ 0 = 0.4 fm, ε 0 = 55 GeV) are used in [41] to fit charged multiplicity for Au+Au √ s N N = 200 GeV collisions in centrality class 0 − 6%, which is a cross check for the current calculation. We will get back to the τ 0 -dependence of the squeezing effect below in Sec. III. 
Quantities of Interest/Observables
Since in non-central collisions the pressure gradients are enhanced along the x direction (transverse direction in reaction plane) and suppressed along the y direction (perpendicular to reaction plane), the fireball expands faster along x for such events. Accordingly, the final charged hadrons from the collective expansion have larger transverse momentum along this direction. How the spatial eccentricity x is transferred to the momentum anisotropy p is described step-by-step in the hydrodynamic simulations. The quantities x and p are useful to quantify the effect of the squeezing force density on the anisotropic expansion. To be precise, x and p are defined as,
where is an average over the transverse plane, ε and γ are the energy density and Lorentz factor, respectively, Table. III. and T xx and T yy are the two diagonal components of the energy momentum tensor.
Another quantity that reflects the momentum anisotropy is the p T differential elliptic flow v 2 of final charged hadrons at mid-rapidity, which is defined as,
Here, Ψ 2 is the event plane, which equals zero in the current study neglecting event-by-event fluctuations.
III. RESULTS

Pb+Pb √ sNN = 2.76 TeV collisions
Before performing full calculations, a simple comparison between the pressure gradients and the squeezing force density due to the magnetic field at thermalization time τ 0 is helpful to provide intuitive estimates. For the following results we set τ 0 = 0.2 fm/c. The initial pressure gradients in the transverse plane (mid-rapidity) for Pb+Pb √ s N N = 2.76 TeV collisions with impact parameter b = 10 fm are shown in Fig. 3 . As expected, the pressure gradient along the x direction exceeds that along the y direction, with a maximal value of around 32 GeV/fm 4 . For a first calculation of the squeezing force density, we take the magnetic field profile of setting (E), which provides the highest initial magnetic field B 0 and the longest lifetime t d . As Fig. 4 shows, the force density distribution 3 is of similar shape and has magnitudes of about 10% compared to the pressure gradients. We also observe that the direction of the force density is roughly opposite to the pressure gradients -indeed providing a squeezing effect. For setting (E), where 2σ x = σ y = 2.6 fm, the maximum squeezing force density is located at x = ±1 fm, while the maximum pressure gradient at x = ±2 fm. The region with high pressure gradients is more extended than the region, where the force density is pronounced. Thus it is also of interest to resize the high squeezing force density region by varying σ x and σ y , to investigate the effect on the anisotropic flow (setting (F)). Since the spatial distributions of both the squeezing force density and of the pressure gradients evolve with time, the previous comparison at τ = τ 0 clearly does not capture the full effect. To take into account the competition between the squeezing force density and the pressure gradients at each time step, we add the former as a source term for the energy-momentum tensor in the hydrodynamic equations, as in Eq. (3). In Fig. 5 we show the time evolution of the momentum anisotropy p in the transverse plane for B = 0 and for settings (E), (G) and (F), cf. Tab. I. The squeezing force density with setting (E) reduces the momentum anisotropy by 5% at interme-diate time, while that with larger σ x and σ y in setting (F) reduces p by as much as 20%. Notice that the lifetime of the fireball in all cases increases, because the magnetic forces compress the system and, thus, reduce the rate of expansion. setting (E) setting (G) setting (F) The impact on the p T differential anisotropic flow for direct π + emitted from the freezeout hypersurface, on the other hand, is less dramatic, as shown in Fig. 6 . The squeezing force density with setting (E) reduces the elliptic flow by merely 1 − 2%. Increasing the spatial size of the magnetized region (setting (F)), the suppression of v 2 becomes around 6%. Both for p and for v 2 , effects of similar size are observed for weaker but wide-spread magnetic fields, as given in setting (G) eB 0 ≈ 50 m 2 π . We also remark that besides B 0 , t d and σ x,y , a similarly relevant role is played by the thermalization time τ 0 . A lower τ 0 enhances the squeezing force in two ways. First, because the magnetic field is higher at earlier times and, thus, the gradient of B is also increased. Second, because the temperature is also higher and the hot QGP is more prone to the squeezing effect due to its enhanced magnetic susceptibility, see Eq. (5). At the same time, the initial energy density and, thus, the pressure gradients are also very high for small τ 0 . The net dependence of the effect on τ 0 could thus be non-trivial.
In general, starting the hydrodynamic evolution at a larger value of τ 0 shifts the τ -dependence of p to later times due to the zero initial transverse flow assumed in this study. However, as shown in Fig. 7 , the elliptic flow on the freezeout hypersurface does not change considerably for three different values of τ 0 in the absence of mag- netic fields. For a long-lived magnetic field with t d τ 0 , the squeezing effect on v 2 is also insensitive to τ 0 . Note however, that this would not be the case for a magnetic field of shorter lifetime t d ≈ τ 0 . In the latter range of proper times, the exponential decay B(τ ) suppresses the magnetic field -and, thus, the effect -considerably. Previous studies have shown that the magnetic field at RHIC energy decays much slower in the vacuum than at LHC energy due to the smaller relative speed between the colliding nuclei [35] . Here, we use a longlived magnetic field with lifetime t d = 1.9 fm at RHIC energy (setting (A)) to estimate the magnitude of the squeezing force density at τ 0 = 0.2 fm. The maximum magnetic field at RHIC energy (0.09 GeV 2 used in this paper) is much smaller than that at LHC energy (1.33 GeV 2 ). The ratio of the maximal squeezing force density between RHIC and LHC collisions is thus proportional to (0.09/1.33) 2 ≈ 0.0046. On the other hand, the maximal pressure gradients in the QGP at RHIC energy is around 1/3 of that at LHC energy, compare Fig. 8 to Fig. 3 . The distribution of the squeezing force density for RHIC collisions is shown in Fig. 9 , revealing that the paramagnetic squeezing is completely negligible at RHIC energy in the current framework. 
IV. SUMMARY
We have studied the effect of paramagnetic squeezing [12] on the anisotropic expansion of bulk matter in non-central high-energy heavy-ion collisions, within a (3+1)-dimensional ideal hydrodynamic model. We found that the effect is sensitive to the space-time distribution of the magnetic field. A sizable effect is observed for long-lived and wide-spread magnetic fields at LHC energy. For such magnetic fields, the lifetime of the fireball (which is defined as the time interval between τ 0 and the complete freeze out when the temperature of all the fluid cells below T f rz ) is elongated by ∼ 5% as shown in Fig. 5 , the momentum eccentricity averaged on the whole bulk matter reduces by 10 − 20%, while the anisotropic flow of π + from the freezeout hypersurface reduces by 6%. The slight reduction of v 2 due to the effect implies that the elliptic flow measured in the experiment is somewhat smaller than what would result from only the viscous flow of the plasma. In other words, interpreting the experimental results for v 2 without taking the squeezing effect into account slightly overestimates the ratio η/s of the QGP. Strong suppression of momentum anisotropy p also suggests that electromagnetic probes such as thermal photons and di-leptons might be more sensitive to the paramagnetic squeezing, since they are emitted from the whole QGP and HRG stage of the evolution and not just from the freezeout hypersurface. In addition, we also observed that the effect of the squeezing force density is negligible at RHIC energy, because the squeezing force density decreases much faster than the pressure gradients as the beam energy is reduced.
The current work can be extended in several ways. First, in real heavy-ion collisions, the initial charge density fluctuates strongly and the initial energy density is very lumpy. It is possible that the local magnetic field is large while the energy density is small [23] . The ratio between the squeezing force density and the pressure gradients for those regions can be very large and the effect for the anisotropic flow might be different. Second, the transport coefficients of the QGP are affected by strong magnetic fields: the shear viscosity η in the direction perpendicular to the magnetic field may be twice as small as in the direction of the field [10, 42, 43] . The elliptic flow of final charged hadrons is predicted to be affected by this asymmetric shear viscosity over entropy density ratio η/s according to early studies in 2nd order viscous hydrodynamics [44, 45] . Relativistic magnetohydrodynamics with anisotropic shear viscosity needs to be developed for more accurate studies in the future.
